Experiments violating Bell inequalities have formed our belief that the world at its smallest is genuinely non-local. While many non-locality experiments use the first quantised picture, the physics of fields of indistinguishable particles is captured most conveniently by second quantisation. This implies the possibility of non-local correlations, such as entanglement, between modes of the field. In this paper, we propose an experimental scheme that tests the theoretically predicted entanglement between modes in space occupied by massive bosons. A successful test of this scheme would not only indicate that mode entanglement is as genuine as particle entanglement, despite the particle number superselection rule, but would also prove that this superselection rule can be overcome.
I. INTRODUCTION
Presumably every undergraduate course on quantum physics starts with the problem of a single particle in a box. The model serves to introduce the notion of wavefunctions, energy eigenlevels and the superposition principle. Astonishingly, even the sophisticated concept of quantum entanglement can be introduced with the help of this simple system.
The powerful correlations of entanglement are a fundamental feature of quantum mechanics and an important resource for quantum computing [1] . Experimental demonstrations of entanglement between the internal degrees of freedom, such as polarisation, of pairs of localised particles, such as photons, have been achieved [2] . Entanglement also manifests itself between (continuous) external degrees of freedom, such as the position of individual ions in a chain [3] . However, in continuous systems of indistinguishable particles, entanglement may exist between second quantised field modes [4] , rather than between the particles themselves. One important choice of modes are spatial modes, since correlations stretching over space lie at the heart of phase transition effects, such as Bose-Einstein condensation (BEC).
A number of works [5, 6, 7] establish sufficient conditions for the existence of entanglement between spatial regions of massive bosonic fields. Moreover, spatial entanglement has been linked to the appearance of spatial coherence in the BEC at low temperatures [8, 9] , indicated by a slowly decaying classical two-point correlation function [10] . Many of these indicators of entanglement are experimentally easy to measure, such as the temperature of a bosonic gas [6] . Yet any of these tests assumes a model of the system to begin with and the conclusion depends heavily on the validity of this model. An indisputable way to avoid this problem and experimentally confirm spatial entanglement is via a Bell-inequality test between two local parties, each having access to only one spatial region. Such a Bell-inequality test requires no a priori knowledge about the system and while assumptions are made to construct a sensible Bell-test, the actual clicking pattern in an experiment either shows nonclassical correlations, i.e. entanglement, or not -whatever the theory might predict.
However, to perform a Bell test for mode entanglement, each party has to measure their part in (at least) two different measurement settings and it was until now unresolved how to measure modes of a massive bosonic field in any way other than in the particle number basis. This is why it is disputed [11] whether mode entanglement is as 'genuine' as discrete spin entanglement or if it is just an artefact of quantum statistics. In this paper we solve this problem by uniting a number of ingredients from recent advances in theory and experiment to establish an unambiguous experimental method to confirm spatial entanglement, should it 'really' exist.
We consider a standard setup similar to the one proposed by Tan et al. [12] , where a single photon prepared in a superposition state of being in one of two paths leads to mode entanglement. Non-locality of a single photon has been confirmed experimentally in [13] . We extend the photonic scheme so that, despite the existence of a superselection rule for mass, a Bell-inequality can still be analyzed for entanglement arising naturally from a single massive boson distributed over two spatial modes. In our scheme, each spatial mode is locally mixed with a reference state at an atomic beamsplitter. This operation is essential as it locally introduces additional particles to the system, thus circumventing the superselection rule and allowing measurements in bases other than particle number. After the beamsplitting operation, detectors measure the number of atoms in each of the output modes and the outcomes are analysed in a Bell-inequality. The results show that certain measurement settings reveal entanglement of the spatial modes. A successful test of our scheme would unambiguously indicate that entanglement between two modes is as genuine as entanglement between the degrees of freedom of two or more particles.
II. ENTANGLEMENT BETWEEN SPATIAL MODES
For any confining volume, the energy modes of a bosonic field labelled by k, can be 'excited' by applying 
. . An excitation is called 'a particle', which in this paper is a massive boson with corresponding quantised energy E k = ω k , where ω k is the frequency of the k-th energy eigenmode. Instead of describing the system using its energy modes, one can use a different set of modes, such as the spatial modes. The description of the system in space can be obtained by a transformation via the energy eigenfunctions,
is the kth energy eigenfunction andψ † (x) creates a particle at point x in space. Populating an energy mode with one particle is therefore equivalent to populating all spatial modes, that is, all points in space, in a superposed manner. The occupation number of each spatial point, x, iŝ n(x) =ψ † (x)ψ(x) with eigenvalues, n(x) = 0, 1, 2, ....
Let us divide space into two extended, non-overlapping regions, A and B, see Fig. 1 , and populate them with a single particle in the k-th energy eigenmode. The pure state of the two spatial modes is a superposition state
where |01 AB denotes a particle in region B and no particle in A and α and β are normalised complex coefficients. For general values of the coefficients this state can not be written as a product between the regions and is considered non-separable according to the mathematical definition of entanglement. By demonstrating that mode entanglement can, in principle, violate a Bell inequality, we suggest that it is not just a mathematical feature of the quantum state, but could also be used as a quantum resource, see for instance [14] .
III. BELL-INEQUALITY FOR MODE ENTANGLEMENT OF MASSIVE PARTICLES
Bell's inequalities [15] limit the maximum correlations that a bi-partite system can share under the assumptions of local realism. In practice, one tests a variation of Bell's inequality proposed by Clauser-Horne-ShimonyHolt (CHSH) [16] where two (arbitrarily separated) parties, A and B, measure their share of a joint system locally, each in one of two settings. The four joint expectation values of the measurements, E(θ 
limiting classical correlations to a maximal value of 2. All entangled quantum states in the Hilbert space H = 2 ⊗ 2 fail to obey at least one such inequality [17] and the existence of non-local correlations between pairs of entangled particles has been consistently verified in a number of experiments of improving accuracy [2, 18, 19] .
To implement a Bell test for mode entanglement one must be able to measure in at least one basis other than particle number, i.e. in the superposition basis (|0 ± |1 )/ √ 2. However, the existence of any superposition of number states for massive particles is heavily debated [20] . Unlike a spin state that can be rotated using an external reference frame, the magnetic field, spatial modes have no such external 'knob'. Rotating the number state |0 to a superposed state, (|0 + |1 )/ √ 2, implies the creation of a massive particle some of the timea physical impossibility for an isolated, cold atomic gas. This impossibility results in a superselection rule [20] , stating that no coherent superposition of eigenstates of different mass can exist.
However, recent research shows that the particle number superselection rule is not fundamental as such [21, 22, 23] , but depends on a suitable reference frame [21, 24] . In our case, the reference frame must play two roles. Firstly, it should track the relative phase between the two portions of the experiment and secondly it should allow the local exchange of particles with the spatial modes. The introduction of a reference frame willprovides the tools to enable standard protocols, such as entanglement swapping, teleportation [25] and dense coding [14] , using spatially entangled states. It also opens the possibility to perform a Bell-inequality test for spatial entanglement of massive bosons.
IV. EXPERIMENTAL SETUP AND RESULTS
We now describe the experimental setup and calculate the expected value of the CHSH-inequality, C, for the simplest example of spatial entanglement, i.e. a single boson in an energy eigenstate, |ψ , of some confining vol-ume, for instance, a uniform three-dimensional box or a cigar-shaped harmonic trap. The confining volume is divided into two spatial modes, A for Alice and B for Bob, which are individually fed into two atomic wave guides. Interpreting the number basis {|0 , |1 } as the z-basis in a Bloch sphere, Alice (and Bob) can implement an effective local measurement in the x-y plane by letting their mode impinge on a 50:50 beamsplitter where it meets a reference state, |θ (â +x A ), and likewise for Bob. After the beamsplitting operation Alice (Bob) detects bosons in her (his) output ports,ĉ andd (Ĉ andD) and both select the cases when one of their two detectors registers a single particle. This implements an effective measurement of their original mode in a basis in the x-y plane that is fixed by the phase of their individual reference state, θ A(B) . For instance, choosing θ A = 0 will project Alice's mode in the x-basis, |± = (|0 ± |1 )/ √ 2. To generate a second measurement setting Alice shines a laser pulse of appropriate length on her reference state, |θ
, and likewise Bob. The one-boson state |1 will over time acquire an additional phase resulting in a reference state with a different phase, |θ A 2 . This is comparable to altering the angle of the analyser in a conventional Bell experiment with pairs of polarised photons.
One possible method to experimentally generate the required reference states, |θ A(B) , is via an atomic quantum dot (AQD) coupled to a reservoir BEC [26] . For tightly confined AQDs, the large on-site interaction causes a collisional blockade, where only one or zero atoms can occupy the dot at any instance. By controlling couplings between the AQD and the BEC, a perfectly coherent two-level state of the form |AQD = q|0 + r|1 is realised [26] . If the reservoir BEC has a high average particle number, the reference state is separable with respect to the condensate and can be transferred into an atomic beamsplitter by displacing the minimum of the confining potential. The optimum choice of coefficients is |q| = |r| = 1 √ 2 , which will allow the maximum violation of the tested Bell inequality. Biased values of the coefficients will downgrade the violation, but can still detect entanglement for a large range of values. The reservoir BEC thus plays the two specified roles. It allows local particle exchange between the reference and the system, which enables the rotation to measurement bases other than particle number. And, it acts as a local reference that tracks the relative phase between Alice and Bob's portions of the experiment, similar to a local oscillator in a homodyne measurement [7] .
Each party locally selects measurement outcomes [27] where only one boson is detected in one of the two detectors. The fact that a post-selection has been made, means that this is not a strict Bell inequality test. However, no separable state (which for massive particles is 
. Violation of the inequality is achieved whenever C > 2.
ρ sep = n p n |n, N − n n, N − n| AB , in its most general form), will ever give rise to a violation -even with post-selection. Our test therefore serves as a witness of mode entanglement, albeit one that illustrates that mode entanglement can be treated in an identical manner to particle entanglement. Thus, after post-selection, Alice and Bob determine all four coincidence probabilities; for instance p cC (θ
for Alice detecting a boson in c and Bob in C. Assigning the value "+1" for a click in detector c (C) and "-1" for a click in detector d (D) the expectation values of the joint measurements will depend on the phase of the two reference states used, E(θ
For the pure state, Eq. (1),
where γ is the phase of αβ * fixed by the symmetry of the populated eigenmode. θ This expected behaviour of C is correct under the assumption that the state is of the pure form, i.e. Eq. (1). However, preparing a single boson in a single energy mode cannot be achieved with perfection in an experiment. The state of the two regions will generally be mixed and can be written in the diagonalised form
where the two states, |ψ 1 and |ψ 2 , with coefficients α 1,2 and β 1,2 , are orthogonal and the probability of mixing is 1 ≥ p ≥ 0. The theoretical prediction for the Bellinequality quantity, C, is shown in Fig. 2 detecting entanglement for mixing probabilities below p ≈ 0.15 and appropriate phase difference, θ
. For values of p outside this range, except the complete mixture at p = 1 2 , it was proven that there always exists a Bell-type inequality that will show a violation [17] . Moreover, when p is a priori known one can use the technique proposed in [17] to find an optimal Bell-test. Other Bell-inequalities can be tested using biased beamsplitters for which the reflectivity and transmittivity are no longer equal.
V. DISCUSSION AND CONCLUSIONS
In a Bell experiment it is essential to guarantee that no non-locality is introduced to the system during the test [28] . In the present discussion this could potentially happen via the two reference states that are drawn from the same reservoir BEC at different locations. If the reservoir BEC is, as we assume, described by a convex combination of coherent states,ρ = 1 2π 2π 0 dθ||α|e iθ |α|e iθ |, i.e. it has a Poissonian particle number distribution, it is separable with respect to any spatial partitioning [5] . Therefore, two reference states that are drawn from different regions of the BEC will not be entangled. If, however, the reservoir BEC has entanglement between different regions of space, which could happen when the particle number distribution is sub-Poissonian, entanglement may emerge between the two reference states drawn from it. In this case, entanglement between the reference states could be the origin of the violation of the Bell-inequality. However, since this is precisely the type of entanglement that we are verifying with the setup, whether it originates from the reservoir BEC or from the actual system is irrelevant for the proof that entanglement appears between spatial regions. This contrasts with [29] , addressing single photon entanglement, where initially independent reference states become correlated after measurement.
Our results can be generalised to volumes containing N bosons for which multi-dimensional Bell-inequalities exist [30, 31] . Indeed, the N particle case has been studied in a different context in [32] , where the violation of the CHSH inequality is assigned to the generation of spin entanglement between two condensates due to joint measurements on the condensates by two parties. However, following the results of our paper one can also attribute the violation of the CHSH inequality to the spatial mode entanglement already present in an individual condensate. By making measurements on the two condensates [32] , the entanglement is swapped from between the spatial regions of the individual condensates to the spin degrees of freedom of the two condensates.
We have demonstrated that it is possible to violate a Bell-inequality with two spatial modes entangled as a result of a massive boson being coherently distributed over them. Moreover, our scheme can be implemented by using standard atom-optics elements, such as beamsplitters and phase shifters [33] , embedded on an atomic chip [34] . The experimental implementation of the scheme promises the first proof of the existence of mode entanglement of fields with immediate consequences for the understanding of entanglement as an indicator of the BEC phase transitions [6] .
Moreover, the implementation of our scheme is capable of proving -by contradiction -that the particle number superselection rule is not a fundamental necessity of quantum theory. Throughout our argument we assume that both, spatially entangled states and superposition states, such as the reference states exist. We then show that a Bell-inequality violation will be observed under the assumptions made. When testing an appropriate set of Bell-inequalities for a given value of p and no violation occurs then either no spatial entanglement was initially there, or the superselection rules are a fundamental feature of quantum mechanics. Conversely, an experiment implementing the test and finding a violation of the CHSH inequality implies that the superselection rule has been overcome by coupling to a reference frame.
